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Abstract
Let A be a Noetherian ring which is graded by a finitely generated Abelian group G. In general, for
G-graded modules there do not exist primary decompositions which are graded themselves. This is quite
different from the case of gradings by torsion free group, for which graded primary decompositions always
exists. In this paper we introduce G-primary decompositions as a natural analogue to primary decom-
position for G-graded A-modules. We show the existence of G-primary decomposition and give a few
characterizations analogous to Bourbaki’s treatment for torsion free groups.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In the context of algebraic geometry, the introduction of homogeneous coordinate rings for
toric varieties [4] gave new motivation for studying rings which have gradings by general finitely
generated Abelian groups [5]. In recent research [8], global primary decomposition of coherent
sheaves over a toric variety is compared with graded primary decomposition of graded modules.
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groups. However, for homogeneous coordinate rings one also has to consider gradings by groups
with torsion. Although there has been done a lot of work on the theory of graded rings during
the last decades (see [2,3,6,7]), a generalization of the treatment of [1] to the case of gradings by
general finitely generated Abelian groups seems not to be written down anywhere. The aim of
this paper is to fill this gap.
Let A be a commutative Noetherian ring which is graded by a finitely generated Abelian
group G. In [1] it is shown that for G torsion free, the associated primes of G-graded modules
are G-graded as well. Moreover, for any two G-graded, finitely generated A-modules M and N ,
where N is a submodule of M , there exists a primary decomposition N =⋂i∈I Qi in M such
that the Qi are G-graded. If G has torsion, such a statement is wrong in general, as can be seen by
the following example. Consider the polynomial ring k[X] in one variable over an algebraically
closed field of characteristic = 2. We endow this ring with a Z2-grading by setting degXn =
n mod 2 for every n ∈ N. Geometrically, if we consider k[X] as the coordinate ring of the affine
line A1k , the grading is induced by the action of Z2 on (the rational points of) A1k , given by x →−x. It is straightforward to see that the invariant irreducible subvarieties precisely correspond
to G-graded ideals. For instance, the ideal I = 〈X2 − p2〉 clearly is generated by one element
of degree 0, and for p = 0 its unique primary decomposition I = J1 ∩ J2 is given by the non-
homogeneous ideals J1 = 〈X − p〉 and J2 = 〈X + p〉.
In this paper we discuss an analogue of primary decomposition which works when G has
torsion. More precisely, we discuss whether for some G-graded modules M and N , where N is
a submodule of M , there exists a decomposition N =⋂i∈I Qi , where the Qi are G-graded and
ann(M/Qi) are irreducible in a suitable sense. The geometrical idea can easily be illustrated by
above example. The support of the ideal J is reducible, i.e. it is the union of two distinct closed
proper subsets in the Zariski topology of A1k . However, it is G-invariantly irreducible, i.e. it is
not the union of two distinct G-invariant closed subsets.
The right notion for describing G-invariant irreducible subsets in commutative algebra is that
of G-prime ideals. A graded ideal I ⊂ A is G-prime if and only if for every two G-graded ideals
J,K , JK ⊂ I implies J ⊂ I or K ⊂ I . Note that G-prime ideals behave quite naturally, and
essentially all elementary lemmas which hold for the usual prime ideals have a graded analogue
for G-prime ideals. Relative to this notion, we define:
Definition 1.1. Let M be a finitely generated G-graded A-module.
(1) An ideal I ⊂ A is G-associated if and only if I is G-prime and I = ann(x) for some element
x ∈ M .
(2) AssG M denotes the set of all G-associated ideals of M .
(3) M is G-coprimary if AssG M = {p} for some G-prime ideal p.
(4) A G-graded submodule N of M is said to be G-primary if the quotient module M/N is
G-coprimary.
(5) Let N be a G-graded submodule of M , then we call an expression N = ⋂i∈I Qi a G-
primary decomposition of N in M if and only if the Qi are G-primary submodules of M
with AssG M/Qi = {pi} and the pi are G-associated to M/N .
(6) A G-primary decomposition N =⋂i∈I Qi of N in M is called reduced if all the pi are
distinct and there exists no i ∈ I such that⋂j =i Qj ⊂ Qi
Using these notions, we will prove the following theorem:
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Noetherian ring, N ⊂ M finitely generated, G-graded A-modules, and N =⋂i∈I Qi a primary
decomposition of N in M . Then:
(1) Let Q′i be the largest G-graded submodule of M contained in Qi . Then Q′i is G-primary for
every i ∈ I and N =⋂i∈I Q′i .
(2) There exists a subset J of I such that N =⋂i∈J Q′i is a reduced G-primary decomposition.
(3) If some Qi corresponds to a G-prime ideal pi which is a minimal element of AssG M/N ,
then Qi is G-graded.
The above example suggests that, at least in a sufficiently geometric setting, primary decom-
position and G-primary decomposition are closely related to each other. Geometrically, if the
G-grading is induced by an action of G on the affine k-scheme specA, the G-invariant closed
subsets of specA which cannot be further decomposed into smaller G-invariant closed subsets,
are precisely of the form V (p), where p is a G-prime ideal. V (p) may consist of several irre-
ducible branches, i.e. V (p) = V (p1) ∪ · · · ∪ V (pr ) for pi prime ideals. By using the G-action,
one can easily see that for a G-coprimary module M which is supported on some G-invariant ir-
reducible closed subset V (p), there exists a primary decomposition of 0 ⊂ M with respect to the
branches of V (p), i.e. 0 =⋂ri=1 Qi where AssM/Qi = {pi}, i.e. there do not exist any further
embedded primes q which might not be detected by the grading. However, not every G-grading
is induced from an action of G on A (see also [3] and [2] for a discussion). In this paper, we
prove that the above picture nevertheless is true in a quite general setting:
Theorem 1.3. Let k be any field and A a Noetherian k-algebra. Let M be G-coprimary with
respect to some G-prime ideal p. Then:
AssM = AssA/p.
Plan of the paper. In Section 2 we introduce some preliminaries about graded rings and G-
associated primes. In Section 3 we construct G-primary decompositions for G-graded modules
and give a proof of Theorem 1.2. In Section 4 we compare primary decomposition and G-primary
decomposition and give a proof of Theorem 1.3.
2. Preliminaries on graded rings and G-associated primes
Throughout this section let G be a finitely generated Abelian group and A a G-graded ring.
If not stated otherwise, all A-modules are assumed to be finitely generated. As a general fact
for G-prime ideals we note that, analogously to the usual prime ideals, maximal G-prime ideals
always exist as a consequence of Zorn’s lemma. We have the following basic facts:
Proposition 2.1. Let M be a G-graded module. Then
(1) if m ∈ M is homogeneous, then ann(m) is a homogeneous ideal.
(2) annM is a homogeneous ideal.
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∑
g∈G ag · m = 0. As m is homogeneous,
the degrees of every term ag ·m are pairwise distinct, and so ag ·m must vanish for all g ∈ G and
thus ag ∈ ann(m) for every g ∈ G.
(2) follows from (1) applied to every element a ∈ annM . 
Proposition 2.2. Let M be a G-graded module. Then
(1) every G-prime ideal G-associated with M is the annihilator of a homogeneous element
of M ;
(2) all maximal elements of the set of all annihilator ideals ann(m), m ∈ M homogeneous, be-
long to AssG M ;
(3) AssG M = ∅ iff M = {0};
(4) ⋃p∈AssG M pG, where pG denotes the set of homogeneous elements in p, consists precisely
of 0 and the set of all homogeneous proper zero divisors of M .
Proof. (1) Let p be a G-prime ideal associated with M . Then p= ann(m) for some m ∈ M . Write
m as finite sum
∑
g∈G mg , where mg ∈ Mg for every g ∈ G. Then for every homogeneous ele-
ment b ∈ p, we have bm =∑g∈G bmg = 0. For every g ∈ G, the summands bmg have pairwise
different degree and thus must vanish separately, i.e. bmg = 0 for every g ∈ G. Thus p⊂ ann(mg)
for every g ∈ G; moreover ⋂g∈G ann(mg) ⊂ p, and as the ann(mg) are homogeneous and p is
G-prime, there exists some h ∈ G such that ann(mh) ⊂ p, and therefore ann(mh) = p.
(2) Let I = ann(m) be a maximal annihilator ideal, where 0 = m homogeneous, and let
a, b ∈ A be homogeneous such that ab ∈ I and b /∈ I . Then a ∈ ann(bm) and moreover
I ⊂ ann(bm). Because I is maximal and bm = 0, it follows that I = ann(bm) and a ∈ I . Hence
I is G-prime.
(3) If M = {0}, clearly AssG M = ∅. On the other hand, if M = {0}, by (2) there exists a
maximal ideal of the form ann(m) for some m ∈ M , which belongs to AssG M .
(4) Follows at once from (2). 
Proposition 2.3. Consider a decomposition G = F × T , where F is free and T finite, and let M
a finitely generated G-graded module. Consider the F - and the T -grading of M induced by the
projections of G onto the corresponding factors. Then:
(1) every G-prime ideal is T -prime,
(2) AssF M = AssM and AssG M = AssT M .
Proof. (1) Assume that x, y ∈ A \ p are T -homogeneous elements. We write x =∑f∈F xf ,
y =∑g∈F yg , where the G-degrees of xf and yg are (f, s) and (g, t), respectively, and s, t ∈ T
fixed. We prove xy /∈ p by induction on the total number of summands of x and y. If either x = xf
for some f ∈ F or y = yg for some g ∈ F , the statement follows at once. Now, assume x, y are
inhomogeneous such that xy ∈ p. Denote P ⊂ F the set of degrees {f ∈ F | xf = 0} ∪ {g ∈
F | yg = 0}. We choose a linear surjection π :F → Z such that π(h) = π(h′) for all distinct
h,h′ ∈ P . Then there exist f ′, g′ ∈ P such that xf ′ , yg′ = 0 and π(f ′ + g′) > π(f + g) for all
(f, g) = (f ′, g′). Now assume that xy ∈ p, then xf ′yg′ ∈ p and thus one of the factors, say xf ′ is
in p. But then x−xf ′ /∈ p and by induction, (x−xf ′)y /∈ p. But then xy = (x−xf ′)y +xf ′y /∈ p,
which is a contradiction.
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By (1) it suffices to show that AssT M ⊂ AssG M . Let p ∈ AssT M , m ∈ M homogeneous of
degree t such that p= ann(m), and x ∈ p homogeneous of T -degree s. We write x =∑f∈F x(f,s)
and m =∑g∈F m(g,t). As before, we can choose a linear map π :F → Z with respect to the non-
zero degrees of x and m. The proof then proceeds as [1, Chapter 4, §3, No. 1, Proposition 1]. 
3. Primary decomposition in graded modules
Definition 3.1. Given a finitely generated A-module M , an endomorphism u of M is called
almost nilpotent if, for all x ∈ M , there exists an integer n(x) > 0 such that un(x) = 0.
Now we consider G-primary submodules corresponding to G-graded prime ideals.
Proposition 3.2. Let G be a finitely generated Abelian group, A a G-graded Noetherian ring, p
a G-graded ideal of A and M = 0 a finitely generated, G-graded A-module. Suppose that for
every homogeneous element a of p, the homothety defined by a on M is almost nilpotent and for
every homogeneous element b ∈ A − p, the homothety defined by b on M is injective. Then p is
G-prime and the submodule {0} of M is G-primary with respect to p.
Proof. We show that AssG M = {p}. Let q be a G-prime ideal associated with M . Then it is a
G-graded ideal and q = ann(x), for some non-zero homogeneous element x of M . Let a ∈ q.
Then the homothety defined by a on M is not injective hence a ∈ p. Conversely, let b be a homo-
geneous element of p, there exist an integer n > 0 such that bnx = 0, whence bn ∈ ann(x) = q
and, as q is G-prime, b ∈ q. As p and q are generated by homogeneous elements, it follows p= q,
which proves that AssG M ⊂ {p}. As M = {0}, AssG M = ∅ and hence AssG M = {p}. 
Proposition 3.3. Let G be a finitely generated Abelian group, A a G-graded Noetherian ring and
M a finitely generated G-graded A-module. Let p be a prime ideal of A and N be a submodule
of M which is p-primary with respect to M . Then:
(1) the largest G-graded ideal p′ of A contained in p is G-prime,
(2) the largest G-graded submodule N ′ of N is p′-primary with respect to M .
Proof. Note that the homogeneous elements of p′ and N ′ are also homogeneous elements of p
and N , respectively. Let a be a homogeneous element of p; if x is homogeneous element of M ,
then anx ∈ N for some integer n > 0, and anx is homogeneous and thus anx ∈ N ′. As every
y ∈ M is a finite sum of homogeneous elements, we conclude that there exists a positive integer
r such that ary ∈ N ′. So the homothety defined by a on M/N ′ is almost nilpotent.
Consider now a homogeneous element b ∈ A−p′; then b /∈ p. Let x ∈ M be such that bx ∈ N ′
and let x =∑g∈G xg . As N ′ is graded, bxg ∈ N ′ and as b /∈ p, we conclude that xg ∈ N ; as
xg is homogeneous, xg ∈ N ′ and the homothety defined by b on M/N ′ is injective. Now the
proposition follows from Proposition 3.2 applied to p′ and M/N ′. 
The following results are straightforward adaptions of results of [1, Chapter 4, §1, No. 1
and 2]. We only give a full proof for Proposition 3.4 in order to give the idea how to adapt these
results to the graded case. For the Propositions 3.5 and 3.6 we only indicate the relevant results
of [1] and leave the details to the reader.
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(1) Let N be a graded submodule of M . Then AssG N ⊂ AssG M ⊂ AssG N ∪ AssG M/N .
(2) Let {Qi}i∈I be a finite family of graded submodules of M such that ⋂i∈I Qi = {0}. Then
AssG M ⊂⋃i∈I AssG M/Qi .
(3) Let I ⊂ AssG M . Then there exists a submodule N of M such that AssG N = AssG M \ I
and AssG M/N = I .
Proof. Note that for any module M and any family {Mj }j∈J of graded submodules of M such
that the union
⋃
j∈J Mj forms a submodule of M , then this submodule is graded. If it coincides
with M , then M is graded itself and AssG M =⋃j∈J AssG Mj .
(1) Clearly, AssG N ⊂ AssG M . Let p ∈ AssG M , then there exists a submodule E of M
isomorphic to A/p. Denote F := E∩N which is graded. Clearly, AssG F ⊂ AssG N . If F = {0},
then AssG F = ∅ by Proposition 2.2(3). But then E is isomorphic to a submodule of M/N and
thus p ∈ AssG M/N . If F = {0}, then AssG F = {p} (see [1, §1, No. 1, Propositions 1 and 3]).
(2) We apply (1) to the direct sum ⊕i∈I M/Qi (see [1, §1, No. 1, Corollaries 1 and 2 to
Proposition 3]).
(3) Let {Mj }j∈J be a chain of graded submodules of M , then⋃j∈J Mj is a graded submodule,
too. LetMI the set of graded submodules P of M such that AssG P ⊂ AssG M \ I . This set is
non-empty, as it contains the zero module, and ordered by inclusion. By our remark before,
it follows that the setMI is inductive and by Zorn’s lemma it contains a maximal element N .
By (1), it suffices to show that AssG M/N ⊂ I . Let p ∈ AssG M/N , then there exists a submodule
F ⊂ M such that F/N ∼= A/p. By (1), AssG F ⊂ AssG N ∪ {p}. But F /∈MI as N is maximal,
and thus p ∈ I (see [1, §1, No. 1, Proposition 4]). 
Proposition 3.5. Let M be a G-graded module and S ⊂ A be a multiplicatively closed subset
such that S =⋃g∈G S ∩ Ag .
(1) Then AssG
S−1A S
−1M = {S−1p | p ∈ AssGA M and p∩ S = ∅}.
(2) Let I ⊂ AssG M be the set of elements which do not meet S. Then the kernel N of the canon-
ical mapping M → S−1M is the unique submodule of M such that AssG N = AssG M \ I
and AssG M/N = I .
Proof. Compare [1, Chapter 4, §1, No. 4, Propositions 5 and 6]. 
Proposition 3.6. Let M be a finitely generated G-graded module.
(1) There exists a composition series Mn ⊂ Mn−1 ⊂ · · · ⊂ M0 = M such that the Mi are G-
graded and for 0 i  n − 1 Mi/Mi+1 is isomorphic to A/pi , where pi is a G-prime ideal
of A.
(2) Given a composition series as before, AssG M ⊂ {p0, . . . ,pn−1}.
(3) AssG M is finite.
Proof. Compare [1, Chapter 4, §1, No. 2, Theorems 1 and 2, and Corollary 1]. 
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ideal p, as in the Proposition 3.3, we denote by p′ the largest G-prime ideal contained in p.
Lemma 3.7. Let M be a G-coprimary module with AssG M = {q}. Then there exists some
p ∈ AssM such that q= p′.
Proof. Let p be any prime ideal which is associated to M in the usual sense. Then by Proposi-
tion 2.2(4) the set of homogeneous elements pG = (p′)G is contained in qG, hence p′ ⊂ q. On
the other hand, q consists of zero divisors of M and thus q ⊂⋃p∈AssM p. So there exists some
p ∈ AssM such that q⊂ p. Clearly, q⊂ p′ ⊂ p and the result follows. 
Proposition 3.8. Let M be a finitely generated G-graded module. Then AssG M ⊂ {p′ | p ∈
AssM}.
Proof. We do induction on the cardinality of AssG M . If M is coprimary, the statement follows
from Lemma 3.7. Now let q ∈ AssG M such that AssG M \ {q} is non-empty. Let S be the set
of homogeneous elements in A which are not contained in q. The kernel N of the canonical
mapping M → S−1M is G-graded. By Proposition 3.5(2), we have AssG N = AssG M \ {q} and
AssG M/N = {q}. Moreover, by [1, §1, No. 2, Proposition 6] we have AssM/N ⊂ AssM and
AssM/N = {p ∈ AssM | p ∩ S = ∅} = {p ∈ AssM | p′ ∩ S = ∅}. By Lemma 3.7 it follows that
q= p′ for some p ∈ AssM/N ⊂ AssM and we conclude by induction. 
Now we give a proof of Theorem 1.2:
Proof of Theorem 1.2. Let N =⋂i∈I Qi be a primary decomposition of N in M .
(1) By Proposition 3.3, the Q′i are G-primary with respect to M and moreover, N ⊂ Q′i ⊂ Qi ,
so that N =⋂i∈I Q′i is a decomposition of N by G-primary modules.
(2) By Proposition 3.8, we have AssG M/N ⊂ {p′ | p ∈ AssM/N}. Denote pi ∈ AssG M/N
the G-prime ideal corresponding to some i ∈ I . Then we set N ′ := ⋂pi∈AssG M/N Qi/N . It
follows that AssG N ′ = ∅ and thus N ′ = 0. Therefore ⋂pi∈AssG M/N Qi is a G-primary decom-
position of N in M . From 3.4(2) it follows that none of the pi can be omitted and thus the
G-primary decomposition is reduced.
(3) Again, by Proposition 3.3, it follows that the largest G-graded submodule Q′i of Qi is
pi -primary, as p′i = pi , and thus Qi = Q′i , as pi is a minimal element of AssG M/N . 
Let S be any multiplicatively closed subset which consists of G-homogeneous elements of A.
Then the ring S−1A is G-graded and for every G-graded module M , its localization S−1M
remains G-graded. Moreover, for any submodule N ⊂ M we can compare G-associated primes
and primary decomposition of N and S−1N . One straightforwardly obtains analogous results as
for the non-graded case, which we state without proof.
Proposition 3.9. Let S ⊂ A be a multiplicatively closed subset such that S =⋃g∈G S ∩ Ag ,
and let N ⊂ M be finitely generated G-graded A-modules. Let N = ⋂i∈I Qi be a reduced
G-primary decomposition of N in M . Then S−1N =⋂i∈J S−1Qi is a reduced G-primary de-
composition of S−1N in S−1M , where J = {i ∈ I | pi ∩ S = ∅ and {pi} = AssG M/Qi}.
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In this section we assume that A is a Noetherian ring over some field k.
Proposition 4.1. Let M be a finitely generated G-graded A-module such that AssG M = {p},
where p is G-prime. Then there exists some r > 0 such that pr annihilates M .
Proof. Let q be a minimal G-prime ideal over annM . Then using Proposition 3.9, we can lo-
calize by the homogeneous elements in A \ q and assume without loss of generality that q is the
unique maximal G-prime ideal of A. So, q is the unique G-prime ideal containing annM , thus q
must be contained in AssG M and thus coincide with p which therefore is minimal over annM .
We claim now that for any g ∈ p there exists some n > 0 such that gn ∈ annM . Assume that there
exists some f ∈ p such that f n /∈ annM for all n > 0. Then consider some ideal q ⊂ p which
is maximal with respect to the property that it contains annM and does not contain any power
of f . Let r, s ∈ A \ q be homogeneous. Then by the maximality of q there exists i > 0 such that
f i ∈ (q + 〈r〉) ∩ (q + 〈s〉), i.e. f i = x + kr = y + ls for some x, y ∈ q, k, l ∈ A. If rs ∈ q it
follows that f 2i ∈ q which is a contradiction. Therefore rs /∈ q and therefore q is G-prime and
thus q= p. So, for any element f ∈ p there exists some power f n ∈ annM . Hence, because A is
Noetherian, there exists some r > 0 such that pr ⊂ annM . 
We now give a proof of Theorem 1.3:
Proof of Theorem 1.3. By Proposition 2.3 we can assume that G is finite. As p is G-associated
to M , there exists a graded inclusion of A-modules A/p ↪→ M and clearly, every G-prime which
is G-associated to A/p is also G-associated to M . On the other hand, let q be some element
in AssM . By Proposition 4.1, there exists some r > 0 such that pr annihilates M . So, suppM
is contained in V (p) and moreover, AssM ⊂ suppM ⊂ V (p), hence p ⊂ q for all q ∈ AssM .
In particular, because p contains all homogeneous zero divisors of M (see Proposition 2.2(4)),
p = qG for all q ∈ AssM . Now we use a result of Cohen and Montgomery [3, Theorem 6.3(1)]
which says that p = qG if and only if q is minimal over p. This implies that every q ∈ AssM is
also contained in AssA/p. 
From this result, we obtain the following characterization of G-primary decompositions:
Corollary 4.2. Let N ⊂ M finitely generated G-graded A-modules and let AssG M/N = {pi}i∈I
and consider some G-primary decomposition N =⋂i∈I Qi , where the Qi are G-primary sub-
modules of M with respect to pi . For every i ∈ I denote AssA/pi =: {pij }j∈Ji . Then:
(1) AssM/N =⋃i∈I AssA/pi ;
(2) for every Qi we have AssM/Qi = ⋃j∈Ji AssA/pij and Qi has a non-graded primary
decomposition
Qi =
⋂
j∈Ji
Qij ,
where AssM/Qij = {pij };
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N =
⋂
i∈I
⋂
j∈Ji
Qij .
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